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1InﬂuenceofElectronandIonThermodynamicson
theMagneticNozzlePlasmaExpansion
MarioMerinoandEduardoAhedo
Abstract—Atwo-ﬂuid,two-dimensional modelofthesuper-
sonicplasmaﬂowinapropulsivemagneticnozzleisextended
toincludesimpleelectronandionthermodynamicstostudy
theefectsofelectroncoolingandionthermalenergyonthe
expansion. Afasterelectroncoolingrateisseentoreduce
plasmajetdivergence,increaseradialrarefaction,andenhance
detachmentfromtheclosedmagneticlines.Ionthermalenergy
isconvertedtodirectedkineticenergybythe MNwithoutthe
mediationofanambipolarelectricﬁeld,andalterstheelectric
responseoftheplasma.
I.INTRODUCTION
Amagneticnozzle(MN)isanappliedconvergent-divergent
magneticﬁeldcapableofguidingtheexpansionofanenergetic
plasmajetandacceleratingitsupersonicalyintovacuum.The
contactlessoperationofMNsreducesoravoidsthedetrimental
durabilityandefﬁciencyissuesassociatedtoplasma-wal
interactions,andprovidessuperiorcontrolovertheexpansion.
Thesequalitiesmakethemaninterestingdevicetoproduce
thrustinspace.Curently,severaladvancedplasmathrusters,
includingtheHeliconPlasmaThruster[1],[2],[3](HPT),
theElectronCyclotronResonanceThruster[4](ECRT),the
Applied-Field MagnetoPlasmaDynamicthruster[5],[6],[7]
(AF-MPD),andtheVASIMR[8],employaMNastheirmain
accelerationstage.
InaMN,theinternalenergyoftheplasmaistransformed
intodirectedkineticenergy, muchlikeinthecaseofa
neutralgasinatraditional,soliddeLavalnozzle.Therefore,
al plasmathrustersoperatingona MNare,inessence,
thermalrockets:thismeansthatspeciﬁcimpulseisroughly
proportionaltothesquarerootofthetemperaturetowhich
theplasmaisheatedinsidetheplasmasourceovertheion
mass,i.e.,Isp∝ T/mi,requiringverylargetemperatures
(tenstohundredsofeV)toachievecompetitiveIspwithusual
propelantslikeArgonorXenon.Notwithstanding,MNs(and
theplasmathrustersrelyingonthem)constituteanatractive
propulsivetechnologythankstotheirhigherthrust-to-power
ratio,simplicity,robustness,versatility,andpresumedlong
usefullife.Asanexample,considertheHPT,whichconsists
merelyofaquartztubewrappedbyaheliconantenna,into
whichthepropelantisinjected;aRFpowersourcetofeed
theantenna,ionizeandenergizetheplasma;andsolenoidsor
permanentmagnetsthatcreatethenecessarymagneticﬁeld
insideandoutsidethetube[9].TheHPTcaninprinciple
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befed with multiplegases;andhasnonakedelectrodes
(whicharethecriticallife-limitingelementintraditional
plasmathrusters).Additionaly,MNsbringuptheinteresting
possibilityofenhanced‘throtleability’(theabilitytoadaptthe
speciﬁcimpulseandthrustofthedevicein-ﬂightbymodifying
themassﬂow,appliedpower,andtheintensityandgeometry
ofthemagneticﬁeld).
Incontrasttoasolidnozzle,whichhasaphysicalwalon
wherethepropelantexertsapressureforcetoproducethrust,
themorecomplexphysicsofaplasmaﬂowinginaMNgive
risetoavarietyofaccelerationmechanisms,notpresentin
asolidnozzle,whichinvolve[10](i)azimuthal,diamagnetic
electriccurentsintheplasmaandthe magneticforceon
them,(i)thedevelopmentofanambipolarelectricﬁeldthat
transformselectronenergyintoionenergy,(ii)thepossible
formationofelectricdoublelayerswithintheplasmaﬂow,
and(iv)thelong-rangeinteractionviatheplasma-induced
magneticﬁeld.Interestingly,altheseaspectsdependstrongly
ontheforminwhichtheinternalenergyisstoredintheplasma
(i.e.,theparticularitiesoftheenergydistributionfunction
ofeachspecies),andhowthisenergyevolvesdownstream.
AnotherdistinctivefeatureofMNsistheclosednatureofthe
magneticlines,incontrasttotheﬁnitelengthofasolidnozzle.
Thisraisesthequestionofefﬁcientplasmadetachment[11]
fromthemagneticﬁeldtoformafreeplumedownstream
(anissuenotpresentingroundapplicationsof MNssuch
asadvancedplasmatreatmentsofmaterialsurfaces).Without
properdetachment,theplasmawouldinsteadturnbackalong
themagneticstreamlines,ruiningthrustandendangeringthe
spacecraft.
CurentunderstandingofMNphysicalphenomenaisdueto
alimitednumberofexperiments,normalylinkedtoparticular
plasmathrusterprototypes,andmodelsoftheplasmaﬂow
inthemagneticﬁeld.Asrelevantexamples,theexperiments
ofAndersenetal.[12],Kurikietal.[13],Yorketal.[14]
andInutakeetal.[15]demonstratethebasicoperationofthe
MN,includingthesupersonicaccelerationoftheionﬂow,and
theexistenceoftheambipolaraccelerationmechanism.These
developmentswereaccompaniedbyseveraltheoreticaldevel-
opments,mainlybasedonsimpleﬂuid1Dmodels,2Dmodels
orsingle-particle models,suchasthoseof Kosmahl[16],
Chubb[17], Gerwinetal.[11],Sercel[18]and Mikelides
etal.[19].Someofthesemodels,however,relyupontwo
assumptionswhichhaveproventobeinadequateforthestudy
ofMNs:theuseofabasicOhm’slawthatignoresHaland
pressuretermscompletely(toﬁrstorder,itisthediference
betweenthesetwotermswhatgovernsthedevelopmentofthe
electricﬁeldinaMN),andsecond,theimpositionofstrong
curentambipolarity(thatis,ionsandelectronsareforced
2toexpandidenticaly,forbiddinganyinternalseparationof
thetwoﬂows).TheseassumptionsareavoidedinRef.[10],
whereweformulateatwo-dimensional,two-ﬂuidmodelthat
ilustratesthemainaccelerationmechanismsinahot-electron,
cold-ionplasmaandshowsthatthethrustgeneratedbythe
MNisthemagneticreactionforcecausedbythediamagnetic
plasmacurentsontheMNgenerator.Thediamagneticnature
oftheplasmacurentswasobservedbyRobersonetal.[20],
andthemagneticcharacterofthrustwaslaterconﬁrmedby
Takahashietal.[21].
Inthelasttwodecades,muchoftheMN-relatedworkhas
focusedonthestudyofplasmadetachment.Experimentsby
Coxetal.[22],Delineetal.[23],Terasakaetal.[24],Squire
etal.[25],andTakahashietal.[26]alshowthatdetachment
beginstotakeplace,tosomeextent,inthenear-region
(i.e.,uptoafewplasmaradiawayfromthethrusterexit).
Notwithstanding,asuccessfulexplanationofthisphenomenon
remainstobefound.Mosesetal.[27],Hooper[28]andAreﬁev
etal.[29]proposeddiferentseparationmechanisms,based
ondiferenttypesof MHDcold-plasma models.However,
theconclusionsofthesestudieswererecentlyshowntobe
inapplicableto MNexpansionofhotplasmas,thecaseof
interestforpropulsion[30],[31].
Characterizationofplasmadetachmentinthefar-region
(oncemostaccelerationhastakenplaceandmagneticlines
starttoturnaround)hasremainedthereforeelusive.The
reasonlaysintheformidabledifﬁcultiesinvolvedinstudying
thefar-regionplume,bothwithexperiments,wherevacuum
requirementstoavoidplasma-ambientinteractionaretoohigh
forlaboratorytestsandverylargechambersareneeded,
andinthemodeling/simulationrealm,wherephenomenalike
demagnetization,resistivity,anisotropization,thermodynamic
behaviorofeachspecies,interactionwithanambientplasma
oranexternalmagneticﬁeld,andnon-neutralefectsassoci-
atedtotheverylowdensitiesarenolongernegligibleand
havetobeconsidered.Aﬁrstanalysis[32](whichnonetheless
neglectstheseefects)showsthatthemassiveions,which
becomenon-magnetizedsoonafterenteringthedivergentMN,
donotfolow magneticlinesbutinsteadseparateinward
fromtheﬁeld,caryingtheplasmamomentumwiththemand
efectivelyformingafreeplume.Thephenomenontakesplace
inaglobalycurentfreejet,evenifelectronsremainfuly-
magnetizedandturnaroundwiththeﬁeld;onlyanegligible
fractionoftheionﬂowisindeedpuledalong withthe
electronstomaintainquasineutralityinthewholedomain.This
resultisinagreementwiththeexperimentalobservations[22],
[23],[24],[26]ofionﬂuxtubeseparation.
Oneofthedeterminantaspectsforthefar-regionexpansion
istherateatwhichelectroncoolingtakesplace.Experimen-
talmeasurements[15],[23]suggestthatelectrontemperature
variesonlyslowlyalongthenear-region,withan‘efective’
polytropicexponentbetween1(fulyisothermalmodel)and
1.2.Raadu[33],ontheotherhand,predictsanadiabatic
coolingoftheelectronswitha1Dself-similarexpansion
model,acknowledgingthatsomerethermalizationprocess
shouldbeinvokedtoexplainthenear-constantobservedtem-
peratures.Atanyrate,amechanismforcolisionlesselectron
coolinginthe MNmustexistdownstream,likelyinvolving
potentialbariersandanisotropization[34],[35],andcomplex
heatﬂuxes.Additionaly,anomalouselectronthermodynamics
couldalsoexplaincertainﬂowstructureslikeweakelectric
doublelayers[36],[37],[38],whichhavebeenobservedin
someHPTprototypes[39].
Anotheraspectofinterestin MNsisthedistinctrolesof
electronandionthermalenergies(ortheirtemperatures,Te
andTi),intheexpansion. Whilemeasurementsindicatethat
inmanycasesTi Te,suchasinHPTsorECRTs(and
tosomeextentAF-MPDstoo),andthereforemanyofthe
existingplasma/MNmodelsdisregardiontemperature,this
isnotthecaseinotherdevicessuchastheVASIMR,where
theion-cyclotronresonanceheater(ICRH)depositsmostof
theappliedpowerdirectlyintoions(∼170kWontheICRH
comparedto∼30kWdepositedonthesource[25]).Whereas
theexpansionintheformerexamplesisdrivenbyelectron
thermalenergy(givingrisetotheambipolaracceleration
mechanism),itisdrivenbyionthermalenergyinthelater.
InthisPaperweperformaﬁrstassessmentoftheefects
ofelectroncoolingandiontemperatureintheplasmaaccel-
erationandplumeformation.Tothisend,our2Dplasma/MN
model[10]isextendedtotreatboththeelectronsandions
asahotpolytropicspecies,whichcanberegardedasan
‘efective’coolinglaw.Thepresentanalysisdoesnotinquire
onthephysicalmechanismsresponsibleforelectroncooling,
noronthekineticevolutionofthespecies(whichwilbe
objectoffutureresearch).Intheabsenceofamodelofthe
anisotropizationofthemagnetizedelectronsorions,inthis
preliminarystagewewilassumethatbothpopulationsremain
closetoMaxwelianastheyexpanddownstream.Theresults
arecomparedagainstthefulyisothermalelectronandcoldion
plasmajetwithzerocooling,analyzingthediferencesfound
inthebehaviorofplasmaforces,ambipolarelectricﬁeld,and
overalefﬁciencies.Thelimitationsofisothermalmodelsare
discussed.
Therestofthepaperisstructuredasfolows.NextSection
brieﬂyintroducestheextendedmodelwithpolytropicelec-
tronsandnon-zeroiontemperature.Electroncoolingefects
areinvestigatedinSectionII.Theroleofiontemperatureis
discussedinSectionIV.Finaly,conclusionsofthisanalysis
andanoutlookintofurtherstepstounderstandthethermody-
namicsofaplasmainaMNarepresentedinSectionV.
II.EXTENDEDMN/PLASMAMODEL
TheMN/plasmathermodynamicsmodeldiscussedheregen-
eralizesourcoldion,isothermalelectronmodel,describedin
detailinRef.[10].Assuch,inthissectiononlythedistinctive
aspectsoftheextendedmodelarepresented,withabrief,self-
containedsummaryofthehypothesesandmainequationsto
facilitatethecomprehensionoftherestofthepaper.
Themodeldescribestheaxysimmetric,supersonicexpan-
sionofahotplasmacolumninadivergentmagneticﬁeld.
Theplasmaisinjectedatthe magneticthroat,locatedat
z=0.Theplasmaisassumedcolisionless,quasineutral,
andglobaly-curent-free.Thisdoesnotpreclude,however,
theformationoflocallongitudinalelectriccurents,aslong
astheirintegraloveranyjetsectionequalszero.Electrons
3havenegligibleinertiaandarefuly-magnetized,meaningthat
electronstreamtubesaremagneticstreamtubes.Heavierions,
ontheotherhand,arealowedtohaveanymagnetization
degree. Undertheseassumptions,theplasmarespondsto
folowingequations:
∇·(nui)=0, (1)
∇·(nue)=0, (2)
nmi(ui·∇)ui=−∇·Pi−en∇φ+enui×B, (3)
0=−∇·Pe+en∇φ−enuθeB1⊥, (4)
wheren,uianduestandfortheplasmadensity,ionvelocity,
andelectronvelocity;PiandPearetheionandelectron
pressuretensors;φandB aretheelectricpotentialandthe
magneticﬁeld;and 1⊥ isaunitvectorperpendicularto
themagneticﬁeld(sothat1,1⊥,1θ constitutesalocal
orthonormalreferencesystem).Inthefolowing,theinduced
magneticﬁeldthattheplasmageneratesisneglected,assuming
alowplasmaβ(althoughitcanbeincludedeasilywithan
iterativeapproach[40]),keepingonlytheappliedmagnetic
ﬁeld,whichsatisﬁesrB =∇ψ×1θ,withψthemagnetic
streamfunction.
Equations(1)–(4)needtobeclosedwithathermodynamic
modelforPiandPe. Whilethenon-isotropicnatureofthe
pressuretensorscanbeimportant(andinsomedevices,such
astheVASIMR,itcertainlyis),inthepresentworkboth
speciesaretreatedasisotropicandMaxwelian,i.e.,Pj=pjI,
withpj=nTj,andIistheidentitytensor(forj=i,e).
Althoughlimited,thisapproachstilalowsustoretainand
studytheefectsofelectroncoolingandionthermalenergy
ontheexpansion,withoutdelvingintothekineticfeaturesof
theplasma.Theevolutionofeachspeciesisfurthermodeled
withapolytropiclaw,
Ti=Ti0(n/n0)γi−1, (5)
Te=Te0(n/n0)γe−1, (6)
whereγi,γeare‘efective’speciﬁcheatratioexponentsfor
ionsandelectrons,notnecessarilyequal,whichreﬂecttheir
coolingrates,andmagnitudeswithsubindex‘0’areevaluated
attheorigin,z= r=0.AsexplainedintheIntroduc-
tion,γi,γedependonseveralaspectsofthecolisionless
expansionsuchaspotentialbariers,andtheircalculation
requires modelingtheplasmaresponseatakineticlevel.
Experimentalmeasurementssuggestcoolingratesbelowthe
adiabaticvalue(5/3forelectronsandsingleatomswiththree
degreesoffreedom).Macroscopicaly,thismeanstheexistence
ofplasmaheatﬂuxesintothedownstreamregiontomaintain
thermalenergylevelsintheplumeabovethoseoftheadiabatic
expansion.
Theabovemodelforionsandelectronsalowstodeﬁnea
barotropyfunctionforeach,
hi= γiγi−1Ti; he=
γe
γe−1Te (7)
thatsatisﬁesndhj=dpj(forj=i,e).Observethatinthe
isothermallimitforspeciesj(γj=1),thebarotropyfunction
becomeshj=Tj0ln(n/n0).
Usingtheseexpressions,electronmomentumequationpro-
jectedalong1 and1⊥,yields,respectively,
He(ψ)=he−eφ≡h−e˜φ, (8)
euθe/r=−dHe/dψ, (9)
whereHe(ψ)isthetube-wiseBernoulifunction,andEq.(3)
canberewritenas
mi(ui·∇)ui=−e∇φ˜+eui×B, (10)
whereh= hi+heande˜φ= eφ+hi.Notethatinthe
variablesh,φ˜,Eqs.(8)(9)and(10)becomeanalogousto
thecoldionmodelofRef.[10](exceptthathhasamore
complexexpression).Hence,likeinthebasicmodel,Eqs.
(8)(9)stilindicatetheconservationofHeanduθe/ralong
magnetic/electronstreamtubes.
Examinationoftheseexpressionsshowsthattheefective
ionsoundvelocityisgivenby
c2s=γeTe+γiTimi , (11)
whichcanbeusedtodeﬁnethelongitudinalionMachnumber
M,givenbyM2= u2zi+u2ri /c2s.AstheionﬂowinthedivergentMNissupersonic(M ≥1),
theresulting modelconstitutesanhyperbolicproblemfor
ions,susceptibleofefﬁcientintegrationwiththemethodof
characteristics.ThismethodisappliedtoEqs.(1)and(3),
usingEq.(8)toprovidethenecessaryrelationbetweenφ˜
andn(throughh).Paralelyorafterward,Eq.(2)yieldsue.
Likewise,Eq.(9)canbeusedtocalculatetheHalvelocity
uθe.
Arecentrestructurationoftheintegrationalgorithmsinthe
DIMAGNOcodealowsintegratingbeyondtheturningpoint
ofthe MN[32].Sincetheefectsofchangingthemagnetic
ﬁelddivergencerateandstrengthhavebeenstudiedalready
elsewhere[10],inthispapertheMNgeometryissimplygiven
byasinglecurentlooplocatedatz=0,r=3.5R,whereR
istheradiusoftheplasmajetatthethroat,andthemagnitude
ofthemagneticﬁeldisﬁxedateBR/√miTe0=0.1(ions
essentialyunmagnetized).Theresulting MNhasaturning
pointlocatedatz=zTP 16R.
III.EFFECTSOFELECTRONCOOLING
Tofocusthediscusionontheefectsofelectroncooling,
simulationswithplasmaconditionsn(0,r)=n0,φ(0,r)=
0,uθi(0,r)=0andTi0=0areusedinthissection,with
diferentvaluesofγe:1.1,1.2,1.3(moderatecoolingrates)
and1(isothermalelectronslimit).
Equation(8)condensestheefectofelectronstreamline
thermodynamicsonthebehavioroftheambipolarelectricpo-
tential,φ,fromwherevariousaspectscanbealreadyinfered.
First,asplotedinFig.1,thepolytropiccoolinglaw
consideredherereproducestheexistenceofanasymptotic
valueofthepotential.FromEq.(8),
eφ→eφ∞ =− γeγe−1Te0,as(n,Te)→0. (12)
Aboundedpotentialisoneoftheﬁrstexpectedfeaturesofthe
MNexpansion.Thisstandsincontrasttotheunphysicalbe-
haviorinanisothermalmodel,whereφcontinuestodecrease
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forthepolytropiccasesaremarkedontheleftsideofthediagram.
Fig.2. PlasmaMachnumber(thicklines)alongtheMNaxis(r=0)and
plasmaedge(RV)forγe=1.3.Thetwounlabeled,thinnerlinesaretheionvelocityontheaxis(lowerline)andtheedge(upperline).Theasymptoticion
velocityforacompleteexpansion,ui∞ = 2φ∞/mi+u2i0isshownas
adashedline.Ionvelocitiesarenon-dimensionalizedwith Te0/mi.
(logarithmicaly)toinﬁnity.Thisinconsistencyofisothermal
modelswasalreadybyRefs.[34],[35].
Second,whileui∝√−φisconsequentlyupper-bounded,
anditgrowsatalowerratethanintheisothermallimit,
therapiddecreaseofthesonicvelocitycs∝ √Temakes
theion MachnumberM increaseatafasterrate(Fig.2).
Thisbehaviorismoremarkedattheplasmaedge,wherethe
casedisplayedreachesM =12,meaningthattheplasma
isalreadyhypersonicbeforetheturningpoint(theequivalent
isothermalplasma,incontrast,reachesonlyathirdofthat
valueatthatposition).Ionvelocityui
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rapidlyitsasymptoticvaluebothattheaxisandtheedge,and
thediferencesbetweenthetwolocationsaresmalerthanin
theisothermalplasma.
Thefactthattheplasmabecomeshypersonicsoonerdue
tocoolingmeansthatthemagnitudeofpressureandelectric
forces(whichscaleastheelectronpressure,Eq.(4)decreases
fasteralongthe MN,thusafectingthedevelopmentofthe
plumeinthefarregion.Aﬁrstconsequenceofthisisthat
Fig.3. Plasmadensityproﬁleatz=15R(neartheturningpoint),forthe
isothermal(γe=1,dashedline)andpolytropic(γe=1.3)plasmas.RV(z)istheradiusoftheplasmatubeatz.
ionsarenotpuledradialy-outwardasintenselyasinthe
isothermallimit,resultinginamorecolimatedjet.Indeed,
thedensityproﬁlesaremuchsteeperinthepolytropicplasma,
accentuatingthealreadystrong2Dnatureoftheplasma
expansion.ThisisshowninFig.3,whichrevealsadiference
indensityofoneorderofmagnitudeneartheturningpoint
withrespecttotheisothermallimit:whiledensitynearthe
axisremainshigher,alargerrarefactionoccursattheplasma
edge.
Theaforementionedfasterdecayoftheelectromagnetic
forcesonionsalongthe MNmeansthattheseforcesbe-
comesooneruncapableofdeﬂectingthedirectionoftheion
streamtubestomatchthemwithmagneticstreamtubes.Asa
result,ionstreamtubesseparatefrommagnetic/electrontubes
andbecomealmoststraight,caryingtheplasmamomentum
awayfromtheMNwithoutbeingdraggedbacktowardsthe
thruster,evenifelectronsarestilfuly-magnetized.Whilethis
phenomenonoccursalsoinanisothermalplasmawhenions
becomeunmagnetizedandhypersonic[32],itismorepromi-
nentundertheefectsofelectroncooling,ascanbeobserved
inFig.4,wheretheearliergrowthofionseparationresultsin
alowerstreamtubedivergenceangledownstream.Thisﬁgure
depictstheevolutionoftheionstreamtubescontaining10%,
50%and95%oftheionmassﬂow,andtheirinitialy-matching
electron/magnetictubes. Mostoftheplasmamassdetaches
robustlyfromtheclosedmagneticlines,withtheexceptionof
anegligiblefractionoftheperipheralionﬂow,whichunder
thequasineutralityhypothesisofthemodelisforcedtoreturn
alongthejetedgewiththeelectrons(lessthan<0.5%inal
simulations).AsevidencedinFig.4,coolingfacilitatesplasma
detachmentasitpromotestheearlierioninwardseparation.
Noticethatthismechanismwouldnotbeobservableunder
thehypothesisoflocalcurentambipolarityintheplasma:
ionseparationislinkedtotheformationoflocallongitudinal
electriccurentsintheglobalycurent-freeplasmajet.
Quantiﬁcationofplasmadetachmentcanbeperformedwith
theplumedivergenceefﬁciency,ηplume,95%(z).Thisisdeﬁned
astheratiobetweenaxialandtotalionkineticenergycaried
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Fig.4. Plasmavelocityui mi/Te0(backgroundmap)forγe=1.3(left)andγe=1(right),withtheionstreamtubes(solid)andthecorespondingmagnetic/electronstreamtubes(dashed).Thelabelsonthetubesindicatethefractionofion(andelectron/magnetic)ﬂuxcariedbyeachtube(i.e.,the
normalizedﬂuxintegralfromtheaxistothetube).Thetubecontaining100%oftheplasmaﬂuxistheplasmaedge,RV
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Fig.5. Plumedivergenceefﬁciencyηplume,95%ofthe95%-ﬂuxstreamtube(deﬁnedinthetext),forγe=1(dashedline)and1.1,1.2,1.3(solidlines).Theefﬁciencyisplotedagainsttheradiusofthe95%-ﬂuxtube,r95%.
bytheion95%-ﬂuxiontubeataz=constsection,
ηplume,95%(z)=
RV(z)
0 rnu3zidr
RV(z)
0 rnu2iuzidr
, (13)
andisshowninFig.5fordiferentvaluesofγe,plotedagainst
theradiusofthe95%-ﬂuxtube.Clearly,coolingplasmasyield
amuchhigherefﬁciencydownstream(about15%morefor
γe=1.3thanforγe=1atr95%=60R),andηplume,95%(z)
decreasesatalowerrateinthepolytropicplasmas. While
thepresentdatadoesnotalowustoinferanasymptotic
limitforηplume,95%(z),simplenon-magnetizedplasmaplume
models[41]showthatisothermalplumescontinuetodiverge
atalogarithmicaly-slowratedownstreamduetotheresidual
pressure,whereaspolytropicplumesdohaveaﬁnaldivergence
angle.
Lastly,theexistenceofanasymptoticvalueoftheelectric
potentialhelpstoﬁndaclosuretothepowerbalancein
theplasmaplume,requiredtocomputetheefﬁciencyofa
plasmathrusterasawhole[9].Inessence,intheabsenceof
dissipation,anelectronexpansionwithγe=5/3(i.e.,other
thantheadiabaticexponent)mustbesustainedbyanelectron
heatﬂuxqecomingfromtheplasmasourcethatmaintains
ahigher-than-adiabatictemperatureintheplume;i.e.,ifthe
electronscooldownasTe∝nγe−1insteadofcoolingdownas
Te∝n2/3,theexcesspowerneededtoreplenishtheirinternal
energyisprovidedby−∂qe/∂1.Assumingthatqehasto
beenoughtoalowtheplasmatoexpanddowntoφ=φ∞,
wecanestimatetheelectronheatﬂuxattheMNthroatfrom
theintegralenergyequationappliedbetweenthethroatandfar
downstreamwheretheexpansioncanbeconsideredcomplete.
Forthepresentsimulations,thisreads:
Pbeam=m˙i u
2i0
2+
5
2
Te0
mi +Qe(0)=
=m˙i u
2i0
2+
γeTe0/mi
γe−1
(14)
wherePbeamisthetotalpoweronanysectionofthejet,and
Qe(z)istheintegratedelectronheatﬂuxatsectionz.The
totalelectronheatﬂuxatthethroat,
Qe(0)=32
m˙iTe0
mi
5/3−γe
γe−1 , (15)
hasbeenplotedonFig.6asafunctionofγetoshowthe
stronginﬂuenceofthisparameterontheenergybalanceofthe
plume,specialyneartheisothermallimit(forwhichQe(0)→
∞).
IV.INFLUENCEOFIONTHERMALENERGY
Bothionandelectronthermalenergycanbetransformed
intodirectedaxialionenergyinthe MN:inessence,the
perpendicularenergyofeachchargedparticleisconverted
intoparalelenergythankstotheinverse magnetic miror
efect.Notwithstanding,fromamacroscopicpointofview,
theroleofthethermalenergyofeachspeciesisdiferent.
Electronthermalenergy,ontheonehand,causeselectronsto
expandandtocreateanambipolarelectricﬁeldthatpulsions
downstream[10].Inthisway,theinternalelectricﬁeld−∇φ
actsastheintermediaryfortheplasmaenergyconversion.
Ontheotherhand,ionthermalenergyisresponsiblefora
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Fig.6. Non-dimensionalelectronheatﬂuxatthenozzlethroatQe(0)ﬂowing
outoftheplasmasourceasafunctionofγe.
directgasdynamicaccelerationmechanism,whichtakesplace
withoutthemediationofanyelectricﬁeld,asstatedbyEq.
(3).
Inanactualplasmathruster,thermalenergyisdivided
betweenionsandelectrons,althoughusualynotevenly.
This meansthatbothacceleration mechanisms,ambipolar
andgasdynamic,wilcoexist;therelevanceofeachofthem
dependsonthefractionofthermalenergycariedbyeach
species,measuredbytheparameterTi0/Te0:insomedevices
liketheHPT,Ti0/Te0 1,suggestingthationtemperature
canbesafelyneglectedonaﬁrstanalysis.Onthecontrary,
theoperationofotherthrustersunderdevelopment,suchas
theVASIMR,whichincorporatesanioncyclotronresonance
heatertoincreasetheenergyoftheplasmaafterionizationin
thesource,depositmostoftheenergyontheions,whichcan
reachvaluesofTi0/Te0=O(1)–O(10).Nonetheless,ascan
beseeninEqs.(8)–(10),theresulting(total)ionacceleration
andthrustproductiondependonlyonthecombinedbarotropy
functionh.
Dominantionthermalenergyinthemodelposesseveral
questionsonhowdoestheperpendicularconﬁnementofthat
energytakeplaceintheinitialplasmacolumn.Thiscanbe
understoodbyanalyzingtheradialbalancesattheMNthroat.
Inthecasewhenalpressureiscariedbyhotelectrons,it
isefectivelyconﬁnedbythemagneticforceonthem:the
gyrationofeachelectronaboutitsmagneticlineaddsupto
giverisetotheazimuthaldiamagneticdrift,whichsetsupa
radialforcebalanceatthethroat:∂p/∂r≡−enuθe,diamB.
Noinitialradialelectricﬁeldisrequired,astheTi=0
ionsarealreadyinradialequilibrium.Theinitialcondition
usedinthesimulationsoftheprevioussectionarebasedon
thisforcebalance.Incontrast,whenionscarypartofthe
thermalenergy,theextraradialpressurehastobeconﬁned
too.Thiscanbeachieved,inprinciple,byanazimuthalion
driftuθi,diam,similarbutoppositetotheelectrondrift,orby
aradialelectricﬁeld.However,exceptforhighermagnetic
strengths,theheavierionsareunmagnetizedatthethroat,
meaningthatwecannotcountonmagneticforcestobalance
theperpendicularexpansionoftheionpopulation.Indeed,
theexpectedscenariointhatcaseisthationsareconﬁned
byaradialelectricﬁeld−∂φ/∂r=∂pi/∂rsetupbythe
electronsastheionspuloutward,whiletheionazimuthal
velocityremainsnegligiblylow.This,inturn,increasesthe
demandonelectronazimuthalvelocity, which mustnow
conﬁnethemselvesandtheionstoo,andanadditionaldrift
uθe,E×B ≡−(∂φ/∂r)/Bdevelops.Thesummationofboth
drifts,uθe,diamanduθe,E×B,givesthetotalelectronazimuthal
velocityatthethroat,uθe,whichcanbeconcentratedatthe
plasmaedgeiftheinitialdensityproﬁleisuniform[10],or
distributedradialyifitisnon-uniform,asdeterminedbyEq.
(9).
Likeatthethroatsection,ionpressurecanafectstrongly
theshapeoftheconﬁningambipolarpotentialdownstream.
Toilustratethisefect,Fig.7presents,fordiferentvalues
ofTi0/Te0,theelectricpotentialfortheplasmajetwithan
initialynon-uniformproﬁlewithn=J0(a0r/R)anduθi=0
(unmagnetizedions),whereJ0istheBesselfunctionofthe
ﬁrstkindoforder0,anda0isitsﬁrstzero.Forsimplicity,
bothionsandelectronshavebeenconsideredisothermalhere.
Theﬁrstaspectthatcanbeobservedisalowerpotential
dropalongtheMN(normalizedwiththe‘total’temperature
T=Te+Ti),as∂φ/∂1dependsonlyonTe(Eq.(8).Hence,
theparalelambipolarelectricﬁeldbecomesweakerastheions
caryalargerfractionofthetotalthermalenergy.Second,as
itcanbeseenbytheconvexityoftheisopotentiallinesinFig.
7,theambipolarelectricpotentialdecreasesmonotonicaly
downstreamandoutwardonlywhenTi0/Te0=0;inanyother
cases,−∂φ/∂rpointsinwardinitialy,intheneighborhoodof
thethroat,toconﬁnetheradialexpansionofions,andonly
laterdownstream−∂φ/∂rpointsoutwardagain.Thisreﬂects
thechangeinthecharacteroftheelectricﬁeldwithinthe
plasmafromelectron-conﬁning(andion-expanding)toion-
conﬁningastheratioTi0/Te0isincreased.
Finaly,thecoolingratesofionsandelectrons(represented
herebytheefectivevaluesofγiandγe),neednotbeequalin
theexpansion,butcandependonthedetailedkineticbehavior
ofeachspecies.Thisaddsanotherparametertocharacterize
theroleofthetwoacceleration mechanismsinthe MN.
Asanexampleofoneofthepossiblecases,Fig.8depicts
therelativeimportanceoftheiongasdynamicacceleration
mechanismontheexpansion,astheaccumulatedincreaseof
ionkineticenergyduetoionthermalenergy,forTi0/Te0=5,
γi=5/3(adiabatic),γe=1(isothermal),andaninitialy
uniformplasmaproﬁlewithn=n0anduθi=0atthethroat.
Theremainingfractionoftheaccelerationisafordedbythe
ambipolarmechanism,sustainedbyelectronthermalenergy.
Clearly,inthisparticularcase,duetothediferentcooling
ratesofeachspecies,theweightofthegasdynamicmechanism
islargestneartheMNthroat,whereTiishigh,accountingfor
nearlyﬁvesixthsofthetotalacceleration.Astheexpansion
proceeds,however,theionpopulationcoolsdownfasterthan
theelectrons,andthegasdynamicmechanismlosesimportance
infavorfortheambipolarone.Thisisobservedasalower
fractionofthetotalaccelerationcausedbyionthermalenergy
downstream.Eventualy,ionscooldownandtheresidual
accelerationiscausedonlybytheambipolarelectricﬁeldset
upbytheelectrons.Theanalysisofmorecomplexcaseswith
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Fig.7. ElectricpotentialφforTi0/Te0=0,1and3,foraninitialynonuniformplasmajet.Theelectricpotentialhasbeennormalizedwiththe‘total’temperatureT=Te+Ti.Solidlinesrepresentisopotentialsurfacesintheplasma,spacedinincrementsofe∆φ/T=1
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Fig.8.Fractionofthetotalionkineticenergygain,mi(u2i u2i0)/2,afordedbytheionthermalenergy,givingrisetothedirectgasdynamicacceleration
mechanism.
othervaluesofγeandγiisstraightforward.
V.CONCLUSION
Inthepresentpaperwehaveextendedour2Dplasma/MN
model[10]toincludesimple,adjustablethermodynamicmod-
elsforionsandelectrons,asaﬁrststagetounderstandthe
consequencesofelectroncoolingandionthermalenergyon
theexpansion.Theresulting modelcanberegardedasa
simple,practicaltooltoexploretheefectsofdiferentcooling
ratesontheoperationofthemagneticnozzle.
Electroncooling,anexpectedfeatureoftheﬂowdueto
theunsustainabilityofisothermalitydownstream[34],isseen
toafectmostofthephenomenaofthefar-region,including
radialrarefactionandionstreamlineseparation.Inparticular,
electroncoolingiscentralinplasmadetachment,withahigher
coolingrateleadingtoearlierseparationfromtheMN.Inthis
regard,anisothermalmodel,albeitunphysicalinsomeaspects,
canbeusedtoobtainaconservativelimitfordetachment.
Coolingalsoplaysacentralroleintheenergybalanceinthe
plasmaplume,andthusintheproductionofthrust.Assuch,
uncertaintiesintheefectiveelectroncoolingrateintroduce
largeuncertaintiesonthesteady-stateexpansion.
Inregardtoions,inclusionoftheirthermalenergyin
the modelalowstoinvestigatethecombinedgasdynamic
andambipolaracceleration mechanisms.Again,theability
toincludenon-isotropicpopulationsisdeemedanimportant
aspect,whichwilbeobjectoffuturework.Non-isotropic
distributionfunctionsgiverisetoexplicit magnetic miror
termsintheﬂuidequations,andadetailedmodeloftheion
speciesisparticularlyrelevanttohigh-ion-energydevicessuch
astheVASIMR,wheretheionenergyishighlycolimated
asiongyromotion.Thestructureoftheelectricﬁeldinthe
expansion,theconﬁnementoftheplasmathermalenergy,and
theradialbalanceoftheplasmaattheMNthroathavebeen
showntodependonthefractionoftheenergycariedbyions
inthelow-ion-magnetizationlimitofinterestforpropulsion.
Further work mustidentifytheexact mechanismsthat
enableamagnetized,colisionlesselectronpopulationtocool
down,andassesstheheatﬂuxesalongthemagneticﬁeld.
Observethatthecomplexityofthethermodynamicbehavior
ofelectronsandionsin MN-baseddevices wil demand
advancedmodels,takingintoaccountkineticconsiderations.
WorkinthisareahasbeeninitiatedbyMartı´nez-S´anchezand
Navaro[42],folowingasimilarapproachasthatinRef.[43]
foraconvergentmagneticﬁeldgeometry.Apropercooling
modelwilalsoaddressthenon-isotropizationofthespecies
downstream,thedemagnetizationofelectrons,andalowfor
theinclusionofcolisionswithintheplasmajetandwithan
ambientplasma.Thebi-polytropicplasmamodeldescribed
here,whileunabletoreproducethesephenomena,canbe
regardedasasimpliﬁedtooltostudytheefectsofcooling,
oncethattheefectiveγeandγiaremodeledorestimatedby
othermeans.
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